Global attractors of the 3He-4He system in H α spaces by Dongming Yan
Yan Boundary Value Problems  (2015) 2015:46 
DOI 10.1186/s13661-015-0308-6
RESEARCH Open Access





School of Mathematics and
Statistics, Zhejiang University of
Finance and Economics, Hangzhou,
310018, P.R. China
Abstract
In this paper, the existence of a global attractor for the 3He-4He system is
investigated. By using an iteration procedure, combining with the classical existence
theorem of global attractors, we prove that this system possesses a global attractor,
which attracts any bounded set of Hα in Hα-norm.
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1 Introduction
Superﬂuidity is a phase of matter in which ‘unusual’ eﬀects are observed when liquids,
typically of helium- or helium-, overcome friction by surface interactionwhen at a stage,
known as the ‘lambda point’ for helium-, at which viscosity of the liquid becomes zero.
Experiments have indicated that helium atoms have two stable isotopes He and He,
and liquid He and He can be dissolved into each other. The general features of phase
separation and superﬂuidity in mixtures of liquid He and He have been known for some
time [–].
Up to now, we ﬁnd several mathematical results on model for liquid mixture of He-
He. In [, ], Ma and Wang introduced a dynamical Ginzburg-Landau phase transi-
tion/separationmodel for themixture of liquid helium- and helium-, and studied phase
separations between liquid helium- and liquid helium- from both the modeling and
analysis points of view. The analysis leads to three critical length scales L < L < L and the
corresponding λ-transition and phase separation diagrams. In [], Ma studied existence
of solutions to model for liquid mixture of He-He by using spatial sequence techniques
and linear operator theories. In [], Luo and Pu obtained the existence and regularity of
solutions to He-He system by using the Galerkin method.
As we know, the dynamical properties of the He-He system such as the global asymp-
totical behaviors of solutions and existence of global attractors, are important for the study
of phase transition and separation formixture of liquid He and He, which ensure the sta-
bility of phase transition and provide the mathematical foundation for the study of phase
transition dynamics.
In this article, we concerned with the global asymptotical behaviors of solutions and
existence of global attractors of the He-He system, to wit the following initial-boundary
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∂t = –μu +(λu + bu + bu + α|ψ |), x ∈ ,
∂ψ
∂t = μψ – λψ – α|ψ |ψ – αψu, x ∈ ,
∂u




u(x, ) = u(x), ψ(x, ) =ψ(x), x ∈ ,
(.)
where the unknown function u represents themol fraction of liquid He, and the complex-
valued functionψ =ψ + iψ describes the phase transition of liquid He between the nor-
mal and superﬂuid states.  is the Laplace operator,  ⊂Rn (≤ n≤ ) is a C∞ bounded
domain. Due to the Landau average ﬁeld theory (also see [, ]), we have
μ,μ,α,α,b > . (.)
We shall use the regularity estimates for the linear semigroups, combining with the clas-
sical existence theorem of global attractors, to prove that the He-He system (.) pos-
sesses, in space Hα , a global attractor, which attracts any bounded set of Hα in Hα-norm.
Attractor in Hα have studied by some authors, we refer the reader to [–]. In [], Luo






∂t = –βu +u – u + u, x ∈ ,
u|∂ = , u|∂ = ,
u(x, ) = u(x), x ∈ ,
(.)
and obtained the existence of global attractors of (.) in Hk spaces by using an iteration
procedure. Although [] and this paper all use the iteration procedure, in this paper we
not only consider the iteration procedures of the unknown functions u and ψ , but also
the interaction between u and ψ . Because of that and because the unknown function ψ
is a complex-valued function, the iteration procedure in this paper is more diﬃcult than
in [].
The rest of the paper is arranged as follows. In Section , we will iterate some notations
and theorems for the abstract nonlinear evolution equation. In Section , we will state and
prove our main result.
2 Preliminaries and auxiliary results
In this section, we iterate some notations, abstract theorems, and auxiliary results, which
are important for getting our main result.
Let H and H be Hilbert space, H ⊂ H a compact and dense inclusion. Consider the
abstract evolution equation deﬁned on H , given by
{
du
dt = Lu +G(u),
u() = ϕ,
(.)
where u is an unknown function, L :H →H a linear operator, andG :H →H a nonlinear
operator.
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A family of operators S(t) :H →H (t ≥ ) is called a semigroup generated by (.) pro-
vided S(t) satisﬁes the properties:
() S(t) :H →H is a continuous mapping for any t ≥ ,
() S() = id :H →H the identity,
() S(t + s) = S(t) · S(s), ∀t, s≥ ,
and the solution of (.) can be expressed as
u(t,ϕ) = S(t)ϕ.
Next, we introduce the concepts and deﬁnitions of invariant sets, global attractors, and
ω-limit sets for the semigroup S(t).
Deﬁnition . [] Let S(t) be a semigroup deﬁned on H . A set 
 is called an invariant
set of S(t) if S(t)
 = 
, ∀t ≥ . An invariant set 
 is an attractor of S(t) if 
 is compact,
and there exists a neighborhood U ⊂H of 








H → , as t → ∞.
In this case, we say that 
 attracts U . Especially, if 
 attracts any bounded set of H , 
 is
called a global attractor of S(t).







where the closure is taken in the H-norm.
Lemma . is the classical existence theorem of global attractors by Temam [].
Lemma . Let S(t) : H → H be the semigroup generated by (.). Assume the following
conditions hold:
() S(t) has a bounded absorbing set B⊂H , i.e., for any bounded set A⊂H there exists a
time tA >  such that S(t)ϕ ∈ B, ∀ϕ ∈ A and t > tA,
() S(t) is uniformly compact, i.e., for any bounded set U ⊂H and some T > 
suﬃciently large, the set
⋃
t≥T S(t)U is compact in H .
Then the ω-limit set A = ω(B) of B is a global attractor of (.), and A is connected pro-
vided B is connected.
We used to assume that the linear operator L in (.) is a sectorial operator which gen-
erates an analytic semigroup etL. It is known that there exists a constant λ ≥  such that
L–λI generates the fractional power operatorLα and fractional order spaceHα for α ∈ R,
where L = –(L– λI). Without loss of generality, we assume that L generates the fractional
power operators Lα and fractional order space Hα as follows:
Lα = (–L)α :Hα →H , α ∈ R,
where Hα =D(Lα) is the domain of Lα .
For sectorial operators, we also have the following properties, which can be found in [].
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Lemma . Let L :H →H be a sectorial operator which generates an analytic semigroup
T(t) = etL. If all eigenvalues λ of L satisfy Reλ < –λ for some real number λ > , then for
Lα (L = –L) we have
() T(t) :H →Hα is bounded for all α ∈ R and t > ,
() T(t)Lαx =LαT(t)x, ∀x ∈Hα ,
() for each t > , LαT(t) :H →H is bounded, and
∥
∥LαT(t)∥∥ ≤ Cαt–αe–δt ,
where δ >  and Cα >  are constants only depending on α,




() if L is symmetric, for any α,β ∈ R we have
〈Lαu, v〉H =
〈Lα–βu,Lβv〉H .
For convenience, we introduce the following result.
Lemma. [] Under the condition (.), for (u,ψ) ∈ [H()×H(,C)]∩H the system
(.) has a unique solution
(u,ψ) ∈ C((,T),H()×H(,C)) ∩C((,T),L()× L(,C)),












Next we convert (.) into the abstract form (.). To do so, we need the following space:
H =
{





































(λu + bu + bu + α|ψ |)




whereU = (u,ψ). Then the He-He system (.) can be written in the abstract form (.).
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is a sectorial operator and L generates the fractional power operators Lα and fractional
order space Hα as follows:
Lα = (–L)α :Hα →H , α ∈ R,
where the space Hα is given by
Hα =Hα()×Hα(,C).
Especially, the fractional power operator (–L)  :H 













In this section we state and prove ourmain result; some of our important ideas come from
Ma’s recent books [, ].
The main result in this article is given by the following theorem, which provides the
existence of global attractors of the He-He system (.) in space Hα .
Theorem . Assume (.) hold. Then for any α ≥  system (.) has a global attractor
Aα ⊂Hα , and Aα attracts any bounded set of Hα in the Hα-norm.
Remark . The attractorsAα ⊂Hα in Theorem . are the same for all α ≥ , i.e., Aα =
A, α ≥ . Hence,A⊂ C∞. Theorem . implies that for any ϕ = (u,ψ) ∈H , the solution







Ck = , ∀k ≥ .
Proof From Lemma ., we know that the solution of system (.) is a strong solution for
any ϕ = (u,ψ) ∈ [H()×H(,C)]∩H . Hence, the solution U(t,ϕ) = (u,ψ) of system
(.) can be written as
U(t,ϕ) = etLϕ +
∫ t

e(t–τ )LG(U) dτ . (.)
Let
L˜ = –, L¯ = –.
Then L˜, L¯ generate the fractional power operators L˜α , L¯α and fractional order spaces H˜α ,
H¯α as follows:
L˜α = (–L˜)α : H˜α → L(), α ∈ R,
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L¯α = (–L¯)α : H¯α → L(,C), α ∈ R,
where H˜α =Hα(), H¯α =Hα(,C).
Next, according to Lemma ., we prove Theorem . in the following ﬁve steps.
Step . We prove that for any bounded set W ⊂ H 

there is a constant C >  such that
the solution U(t,ϕ) of system (.) is uniformly bounded by the constant C for any ϕ ∈W










H¯α ≤ C, ∀t > ,ϕ ∈W ,

 ≤ α <

 .









 + α|ψ |u
]
dx. (.)






























–μψ + λψ + α|ψ |ψ + αψu,





















































=H()× L(,C). Hence (.) is a Lyapunov function.














dt + F(ϕ). (.)
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μ|∇ψ | +μ|∇u| – |λ||ψ | – |λ||u|
+ α|ψ |
 + b|u|
 –  |b||u|







μ|∇ψ | +μ|∇u| – ε|ψ | – |λ|

ε







































Choosing ε >  such b – ε > ,





[(|∇u| + |u|) + (|∇ψ | + |ψ |)]dx –C.


























dt ≤ F(ϕ) +C,
∫

[(|∇u| + |u|) + (|∇ψ | + |ψ |)]dx≤ C,
which implies
‖u‖H + ‖ψ‖H ≤ C, ∀t ≥ ,ϕ ∈W ⊂H  , (.)










G¯(U) = –λψ – α|ψ |ψ – αψu,




Yan Boundary Value Problems  (2015) 2015:46 Page 8 of 17
Next, we show that for any bounded setW ⊂H 











H¯α ≤ C, ∀t > ,ϕ ∈W ,

 ≤ α <

 . (.)






























|ψ | dx + 
)
≤ C(‖u‖H + ‖ψ‖H + 
)
,
which implies that g : H() × H(,C) → L() is bounded. Hence, by (.) and Lem-

































∥(–L˜)α+  e(t–τ )L˜
∥







≤ C, ∀t ≥ ,ϕ ∈W ⊂H 

,  ≤ α <

 ,
where β = α +  ( < β < ).




















|ψ | dx + 
)
≤ C(‖u‖H + ‖ψ‖H + 
)
,
which implies that G¯ :H()×H(,C)→ L(,C) is bounded. Hence, by (.) and Lem-









































≤ C, ∀t ≥ ,ϕ ∈W ⊂H 









H¯α ≤ C, ∀t > ,ϕ ∈W ,
















H¯α ≤ C, ∀t > ,ϕ ∈W ,α <

 . (.)
In fact, by the embedding theorems of fractional order spaces (see Pazy []):





































































where ψ =ψ + iψ. Hence for α >  we see that
g : H˜α × H¯α → H˜  is bounded. (.)









< C, ∀t ≥ ,ϕ ∈W ,  < α <

 . (.)
































∥(–L˜)α+  e(t–τ )L˜
∥







≤ C, ∀t ≥ ,ϕ ∈W ,  ≤ α <

 ,





























ψ ∇ψ + ψψ∇ψ +ψ∇ψ
+ ψψ∇ψ
)






[|∇ψ | + |ψ||∇ψ | + |ψψ ||∇ψ| + |ψ||∇ψ |








































































G¯ : H˜α × H¯α → H¯  is bounded for α >

 . (.)









< C, ∀t ≥ ,ϕ ∈W ,  < α <

 . (.)
































∥(–L¯)α–  e(t–τ )L¯
∥

















H¯α ≤ C, ∀t ≥ ,ϕ ∈W ,
















H¯α ≤ C, ∀t > ,ϕ ∈W ,

 ≤ α < . (.)
In fact, by the embedding theorems of fractional order spaces (see Pazy []):
H() ↪→W ,() ↪→W ,(),

















































u|u| + |u||∇u|) + α
(|ψ||ψ|





(|u| + u|u| + |∇u| + |u||∇u|





(|u| + u|u| + |∇u| + |u||∇u|
+ |ψ||ψ| + |∇ψ| + |ψ||ψ| + |∇ψ|
)
dx
≤ C(‖u‖H + ‖u‖H˜α‖u‖






H + ‖ψ‖W , + ‖ψ‖H˜α‖ψ‖

H + ‖ψ‖W ,
)
≤ C(‖u‖H˜α + ‖u‖

H˜α
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where ψ =ψ + iψ. Hence for α ≥  we see that
g : H˜α × H¯α → H˜  is bounded. (.)









< C, ∀t ≥ ,ϕ ∈W ,  ≤ α <

 . (.)



























































ψ ψ + ψψψ + ψ |∇ψ|
+ ψ∇ψ∇ψ +ψψ + ψψψ + ψ |∇ψ|
+ ψ∇ψ∇ψ
)






(|ψ | +ψ |ψ | + |ψ||ψ ||ψ| + |ψ ||∇ψ|
+ |ψ||∇ψ ||∇ψ| +ψ |ψ | + |ψ||ψ ||ψ| + |ψ ||∇ψ|





(|ψ | +ψ |ψ | +ψ |ψ ||ψ| + |ψ ||∇ψ|
+ψ |∇ψ ||∇ψ| +ψ |ψ | +ψ |ψ ||ψ|
+ |ψ ||∇ψ| +ψ |∇ψ ||∇ψ| + |ψ ||u|
+ u|ψ | + |∇ψ ||∇u|)dx













+ ‖ψ‖H¯α‖ψ‖W , + ‖ψ‖H˜α‖ψ‖

H‖ψ‖H
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G¯ : H˜α × H¯α → H¯ is bounded for α ≥  . (.)







H¯ < C, ∀t ≥ ,ϕ ∈W ,

 ≤ α <

 . (.)






















































H¯α ≤ C, ∀t ≥ ,ϕ ∈W ,

 ≤ α < .
Hence, (.) holds.











H¯α ≤ C, ∀t > ,ϕ ∈W ,α ≥ . (.)
In fact, by the embedding theorems of fractional order spaces (see Pazy []), we obtain
H() ↪→W ,() ↪→W ,(),
H˜α ↪→ C()∩H(), H¯α ↪→ C(,C)∩H(,C), as α ≥  .
(.)
Hence, it follows from (.) that
g : H˜α × H¯α → H˜  is bounded for α ≥

 ,
G¯ : H˜α × H¯α → H¯  is bounded for α ≥

 .
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≤ C, ∀t ≥ ,ϕ ∈W ,  ≤ α < .
(.)







































∥(–L˜)α–  e(t–τ )L˜
∥
















































∥(–L¯)α–  e(t–τ )L¯
∥









≤ C, ∀t ≥ ,ϕ ∈W , ≤ α <  .
Hence, (.) is valid for ≤ α <  .
By doing the same procedures as steps -, we can prove that (.) holds for all α ≥ .
Step . We show that for any α ≥ , system (.) has a bounded absorbing set in Hα .
We ﬁrst consider the case of α =  . It is well known that (.) possesses a global attrac-
tor in H space, and the global attractor of these equations consists of equilibria with their
stable and unstable manifolds. Thus, each trajectory has to converge to a critical point.
From (.) and (.), we deduce that for any ϕ ∈ H 

the solution U(t,ϕ) of system (.)
converges to a critical point of F . Hence, we only need to prove the following two proper-
ties:
() F(U)→ ∞ ⇔ ‖U‖H 

;
() the set S = {U ∈H 

|DF(U) = } is bounded.
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Property () is obviously true, we now prove () in the following. It is easy to check if




–μu + g(U) = ,
–μψ – G¯(U) = ,
∂u





Taking the scalar product of (.) with (–u,ψ), then we derive that
 =
〈


























μ|u| + λ|∇u| + bu|∇u| + bu|∇u| + αψ∇ψ∇u







μ|u| – |λ||∇u| – |b||u||∇u| + bu|∇u| – α|ψ||∇ψ∇u|
– α|ψ||∇ψ∇u| +μ|∇ψ | – |λ||ψ | + α|ψ | – |α||ψ ||u|
]
dx.
Using the Hölder inequality and the above inequality, we have
∫

(|u| + |∇ψ |)dx≤ C,
where C >  is a constant. Thus, property () is proved.
Now, we show that system (.) has a bounded absorbing set in Hα for any α ≥  , i.e.,






Hα ≤ C, ∀t ≥ T ,ϕ ∈W . (.)
From the above discussion, we know that (.) holds as α =  . By (.) we have
u(t,ϕ) = e(t–T)L˜u(T ,ϕ) –
∫ t
T
(–L˜)  e(t–τ )L˜g(U) dτ ,
ψ(t,ϕ) = e(t–T)L¯ψ(T ,ϕ) +
∫ t
T




be the bounded absorbing set of system (.), and T >  such that









∥ ≤ Ce–tλ˜ , ∥∥etL¯∥∥ ≤ Ce–tλ¯ , (.)
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–ψ = λψ ,
∂ψ
∂n |∂ = ,




















L → , as t → ∞.
(.)





























































































τ–αe–λ¯τ dτ , (.)
where C >  is a constant independent of ϕ.
Then, we infer from (.)-(.) that (.) holds for all  ≤ α < . By the iteration
method, we ﬁnd that (.) holds for all α ≥  .
Finally, this theorem follows from (.), (.), and Lemma .. The proof is com-
pleted. 
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